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1. INTRODUCTION

Let Ge M{R ™), the class of complex-valued functions measurable on (0,
o), be a nonnegative function satisfying the following properties:

(i} G(u) is continuous at u=1,
(ii) for each 6>0, | x5,Gll, <G(1), and

(iii) there exist 8,, 8,> 0 such that (% +4") G(u) is bounded and
is in M(R™).

Here x;. denotes the characteristic function of the set (0, 00)—
(x—4, x+3).

Such a function G is called (for our purpose) an “admissible™ kernel
function. The set of all admissible kernel functions will be denoted by
T(R*).

Let GET(R™Y), xeR, A, xeR* and fe M(R™). We define

o1

T, f: x)=fa—(7)-j:u-7(u) GHoxu=") du, (1.1)

where,
a(2)=| " 26w du,
0

whenever, the above integrals exist, (1.1) defines a class of linear positive
operators.

Let 2 (>1) be a continuous function defined on R*. We call 2 a
bounding function for a Ge T(R™"), if for each compact K< R™, there
exist positive numbers A, and M such that

T, (2; x)< M, xe kK (1.2)
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Clearly, for Ge T(R*), Qu)=u"*+u? is a bounding function. The
notion of a bounding function [11] enables us to obtain results in a
uniform set-up, which, at the same time, are applicable for a general
GeT(R*).

For a bounding function Q, we define

D, = {f: fis locally integrable on (0, )
and | f(u)| < MQ(u), ue (0, )}.

Several well-known operators, such as Gamma operators of Miiller
[10], modified Post-Widder operators [8], Post-Widder operators [14],
the operators studied in [9], etc., are particular cases of the class T,. This
can be verified by choosing G, 4 and « suitably [6].

We use T, whose construction, as we will see in Section 2, depends only
on the functional values on R*, for approximating a class of analytic
functions in complex-plane. The results can also be regarded as providing
us new analytic continuation methods. In this direction, we mention the
works of Kantarovich [4] and Bernstein [ 7], who obtained results on con-
vergence of Bernstein polynomials in the complex domain, by making an
ingenious use of the Legendre’s polynomials. Similar results for the Szasz
operators were obtained by Gergen et al. [3] by using Lagurre’s
polynomials. Other results in this direction have been obtained in
[1,5,15].

We make use of the Cauchy’s theorem to obtain the results on the
approximation-theoretic properties of T, in the complex-domain.

2. SoOME MORE DEFINITIONS AND AUXILIARY RESULTS

We give some more definitions and auxiliary results.
Let Ge T(R™) be an analytic function, regular in the angle

Ag={z=re":r>0,0<0< ¥},

and the property that for each 0 <8, < ¥ there exist §;, 6,>0 such that
g(r, )= (r %+ r%) G(re) is bounded on the set

A(By)={(r, 0):0<0<8,,r>0}.

Let 2 be a bounding function for Ge T(R™) satisfying the following
requirements.
For every compact subset K< A, there exist positive constants A, M,
such that
|z~

M3 T,y{(@:2) =G |, w0001 Gleu™ e
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In the above situation, we say that Ge Tw(R*) and that Q is a ¥-
bounding function for G. It follows from the Riemann-Schwarz reflection
principle [13, p. 155], that if Ge To(R™* ) and Q is a ¥-bounding function
for G, then the above mentioned properties continue to hold in the reflec-
tion of A4, A(6,) and K, respectively, through the real axis.

If fis an analytic function such that for 0 < 8 < ¥ the limits

im  sup | f(ue”)|/Q(u)

u=0" o9<by

and

im  sup |f(ue®)|/Q(u)

U= 0 Q<< by

exist, we say that fe DJ.

If fe DY, GeTw(R*) and Q is ¥-bounding function then, it is obvious
that given compact subset K of Ay, T, (f: z) exists and defines an analytic
function regular in K, for 4 sufficiently large.

Now, we give some auxiliary results useful for further developments.

LemMa 2.1. IfGeT(R™), then

a(d)
11220 G‘(l)_o' (2.1)

Proof. Let €>0 be arbitrarily fixed. Then we can choose a § >0 so
small that in view of the property (ii) of G
1+ 1+4 &
G [ w6 du<| "t du<s, (22)
1- 1-5 2

I3

Let m=|y;,G|l. Since there exists a A, such that a(1) exists for all
A> 4y, we have
m* %

G-1) Lw TG0 131() i <G

a(Ay).

Since, by the property (ii) of G, m < G(1) there exists a 4, such that for
A> Ay,

G“(l).[:o U= 2GH(u) y5., () du <§. 2.3)

Combining (2.2), (2.3) we have 0<a(4) G~ *(1)<e¢ for 4> 4,. But ¢ is
arbitrary, so (2.1) follows.
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LEMMA 22. Let GeT(R*) and Q be a bounding function for G. If
O<d<a<b< o and fe Dy, then

xlim Ale(fx&,x; x)"—"—‘o, (2.4)

uniformly in xe{a, b], for any ke R™.
Proof. We have

1 e
TPt )=y | 47 Ge™) o™ 6°)

(ll)[-[X/x+5+f/ a] w7 (xu™ ") GH(w) du

Let 0<d<a<x<b<on. We choose n€(0, 1) such that 5 < dé((1/n)—1).
We have then,
x b X b

LT <1 >
1o SprsslTn amd ey

Zl+n
Using these inequalities and | f{u)] < MQ(u), ue (0, ), we find that

ITl(fxax )I X (A) {Jl_q+jli”] u““zg(xu—l) Gl(l{) du.

Let 4, be such that T, (2; x) < M, for xe[a, b] we have then for 1> 4,,
l Ay

(l)

where m, =max{G(u): u<1—yn or u>1+n}. We have then

| Ta s %) < U I ] w200 ") G (u) du,

A=At roo
[ T:(fYsx: X < n::(}v) L w*2Q(xu ") GM(u) du

a(iy)
a(i)
m
= y) "”_"'7
M a(4y) 2()
for all 1> 4, and xe[q,b]. Since G is continuous at 1, we can find
ce(0,1)ocy<1)and >0,

< mi~ AT, (8; x)

A— Ay

G(u)z (m,+¢) forue(l—e, 1 +c)
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We have then

a(d) = j: uw*~2GMu) du

1+¢
ZJ‘ ’ u*~2G*(u) du

1—¢

1+c¢
> (m,,+£)’1f u*~ 2 du.

1—-c¢

Since, lim, _, ,, A*(m,/(m, +¢))*=0, for any ke R* and

m, )‘ M a(4,) r+e

u* " 2du,
My +¢

| T fs.s %) s(

i
m"l 1-¢

the lemma follows.

Remark. The definition of D, can be replaced by a slightly more
general one,

Dg={f:fis locally integrable, im (f(u)/Q(u))< o and

Fm (/(uy/2(w) < oo},

Next, we state the following basic approximation theorem whose proof
follows from Lemma 2.1 and Lemma 2.2.

THEOREM 2.1. Let GeT(R*) and Q be a bounding function for G If
fe Dy, is continuous at a point xe R™, there holds

Jim T5(f x)=f(x). (2.3)

Further, if f is continuous on a open interval containing the closed interval
La, b1, (2.5) holds uniformly in x € [a, b].

3. CONVERGENCE IN THE COMPLEX DOMAIN

In this section we study the convergence of the operators T, in the com-
plex domain. In the following theorem, we establish the convergence of T, f
for ze Ay and fe D and regular in the interior of the set Ay, A4%.
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THEOREM 3.1. Let GeTy(R™), Q be a W-bounding function for G and
fe DX be regular in AS,. Then

lim T,(fi2)=/(z), (31)

uniformly on each compact subset of Ay.

Proof. The proof of the theorem contains the following intermediate
lemma:

LemMA 3.1. IfGeTu(R™), Q is a Y-bounding function for G and fe DY
is regular in Ay, then for each z€ Ay there holds T ,(f,z)=T(F,; |z|) for
all A sufficiently large, where F,=f(uexp i arg z).

Proof of the Lemma 3.1. If ze R™, the result is trivial. Hence we assume
that ze AP\R ™.

Let I denote the boundary of the subset D= {(r, 8)€ A(arg z):
ro<r<Ry} of Ay, where r, and R, are positive numbers. It follows from
Cauchy’s theorem that

Z(!

/1)1 jrw-af(w)c;*(zw*)dw:o. (3.2)

al

In view of the regularity of fe Df, there exists a positive constant M
such that | f(w)| < MQ(|w]) if 0 <arg w < arg z. Hence if C denotes one of
the two arcs of I,

%Lw'v(w) GHzw ™) dw‘

a—1

<MLJ [wl == QUw|)| G*zw™ )| |dw] (3.3)
a(d) ‘e

<MOM(/10) Sup IG(ZWAl)li_lo,

= a('l) weC

for some positive constants M, and A4,. Since GeTu(R™), sup,.c
|G(zw~ ')} >0 as ro— 0 and R, — co. It follows that if 1> 4,

Z:—;)J: u”*f(u) GMzu~ ") du

which is just the.relation T,(f; z)= T(F,; | z|). This completes the proof of
the Lemma 3.1.
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Continuing the proof of the Theorem 3.1, we observe that F,{u)e P and
that it is continuous on R*, Since F,{({z])=f{z), in view of Lemma 3.1 and
Theorem 2.1, we have lim; ., . TH{£2)=7{z), for cach z& 4%. Moreover,
the convergence is uniform on cach closed segment of the ray Ry=
{z=re®, r>0} (DS S < ¥}

Now let K be any compact subset of A, It is clear that X can be
enclosed in 2 region of type D considered in the proof of Lemma 31 In
view of the uniform convergence of Ti{fiz} on closed segments of Ry
(0< @< ¥}, for all sufficiently large A, T,{/iz) is uniformly bounded on
the linear segments of I\ Thus the proof of Theorem 3.1 follows from
Vitali's convergence theorem, {13 p 1681 provided we are able to establish
uniform boundedness of T,{f; z} for ail A sufficiently Jarge and z belonging
to the two arcs of I

Let z be on one of these arcs. Then fe DY and is regular in 4y, for some
Af >0 independent of z, we have

T 2)] = (F.; 2D S MT {83 121D,

for all 1 sufficiently large.

Applying Theorem 2.1 to the fanction 2 the required uniform bounded-
ness follows for all A sufficiently large. This completes the proof of
Theorem 3.1

In Theorem 3.1, / has been assumed to be regular in A}, The question
arises as to what happens if / has certain singularities in A%, We consider
this problem when f has a single isolated singularity in A%. In this case, it
turns out that the convergence (3.1} may not hold throughout 4%, and our
interest lies in determining & subset of 4% on which the convergence takes
place.

Let Ge Ty (R*). We define

A= {rede: |G < G}

and denote the set {az: ze AS), ¢ is a complex number, by 24§, Tt is clear
that R*\{1} < 4G

TuzoreM 32, Let GeTw(R*) Q be a Wbounding function for G and
FeDE. If fis vepnlar in Ay except for an isolated singularity w, in A%, there
Holds

fim S‘tz(ffi 2} mf{;“!};
ERE )

uniformly on compact subsets of A%— woA§.
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Proof. Let K be a compact subset of A% —w,A4§. Let C, denote a circle
with centre at wy and radius r >0, We can choose r so small such that C,
does not interest 4% —woA%,. If we define F(w)=f(w) for w lying outside
or on C, and F(w)=0 inside C, and choose 8, such that K < 4(6,), there
exists an M, > 0 such that

| F(ue®)) < M,Q(u)  forall0<8<8,.
Let z€ K. Then, following the proof of Lemma 3.1, we have

| T:(f; 2) = T)(F(u exp i arg z); | z])

|z|zz——l

<
a(l) ‘e

[wl =1 fwW) | Glzw = ")|* | dw]. (3.3)

Since K is compact, there exists a positive number p such that
|G(zw )| < G(1)—2p, for each ze K and we C,. Hence, there exists a
constant M, such that

| Ty(fs 2) - T(F(ueexp i arg z); | z])|

M,
SM (G(1)-2p)%, (3.6)

for all ze K. The right-hand side of this inequality approaches zero as
A— 0. For, we can find a de(0,1) such that G(u)=G(1)-p for all
ue(1—9,1+4) and then,

a(A) = 8(G(1) — p)- (3.7)

It follows that T,(f; s) — T,(F(uexp i arg z); | z|) converges uniformly to
zero for ze K.

Let a=min{|z|:ze K}, b=max{|z|:ze K}. Now, | T ,(F(uexpiarg z);
[z <M T(2;]z]), and in view of Theorem 2.1, the latter is uniformly
bounded for a< |z} <b, and for all 1 sufficiently large.

It follows that T,(f.z) is uniformly bounded for ze K and all A suf-
ficiently large. But, again by Theorem 2.1, T,(F(uexpiargz); |z|)—f(z)
(zeK) as A — oo and hence also T,(f,z)—f(z) (ze K) as 1 — 0. Now
Vitali’s convergence theorem is applicable and the proof of the theorem is
complete.

Finally, we show that the region A% —w, 45 obtained in Theorem 3.2 is
best possible, in a certain sence.

" THEOREM 3.3. Let GeT,(R™), Q be a ¥-bounding function for G, and
wo € AY. Then there exists a function f€ D} whose only singularity in A%, is
wo and for which T,(f;z) diverges for each ze woAG — {w,}.
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Proof. The function f(z)=(z—w,) 'eD} for each ¥-bounding
function for G. Also, if ze wg 4§ — {w,}, arg z > arg w,. Hence by Cauchy’s
theorem, as in the proof of Lemma 3.1, we have

Ti(fiz)=T(uexpiargz—wy) ';|z|)

a—1 -

[ W
) jchu_WOG (zw 1) dw, (38)

where C, is as in the proof of Theorem 3.2, with r sufficiently small. By the
residue theorem,

Tifiz)=T,((uexpiargz—wo)~';|z])

2ni

+a_(—ﬂ3 wg *GH(zwg ). (3.9)

In view of Theorem 2.1, the first term on the right-hand side of (3.9) con-
verges to (z—wq) ~ L. But, since zewoA4§, |G(zwg )| > G(1). In view of
Lemma 2.1, it follows that T,(f; z) diverges as A — oo. This completes the
proof of the theorem.
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